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γγ and gg decay rates for equal mass heavy quarkonia
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We present a calculation of the two-photon and two-gluon widths for the equal mass quarkonium
states 1S0,
3P0 and
3P2 of the charmonium and upsilon systems. The approach taken is based
on using the full relativistic qq¯ → γγ amplitude together with a wave function derived from the
instantaneous Bethe-Salpeter equation. Momentum space radial wave functions obtained from an
earlier fit of the charmonium and upsilon spectra are used to evaluate the necessary integrals.
PACS numbers: 13.20.Gd,12.39.Pn,13.25.-k,13.40.Hq
1. INTRODUCTION
Equal-mass quarkonia are eigenstates of the charge conjugation operator C with eigenvalues C = (−1)L+S .
As such, the 1S0,
3P0 and
3P2 levels of charmonium and the upsilon system can decay into two photons.
These same states can also decay into two gluons, which accounts for a substantial portion of the hadronic
decays for states below the cc¯ or bb¯ threshold. The two-photon decays of these states have been the subject
of numerous studies aimed at further understanding the accuracy of theoretical models of the charmonium
and upsilon systems based on the available data. Among the approaches used to study these decays are: the
decomposition of the quark-antiquark annihilation amplitude into its two-component form [1], the use of a
covariant light-front formalism [2], the use of non-relativistic potential model techniques [3, 4], the application
of heavy-quark spin symmetry and effective Lagrangians [5–7], the use of a model with an AdS/QCD inspired
potential [8], the application of relativistic two-body techniques [9–12], the use of QCD sum rules [13] and
ab inito calculations using lattice QCD [14].
In the calculation of the two gamma widths that follows, we wish to include the relativistic and QCD effects
in the wave functions that are used to compute the two photon decay amplitudes. We do this by making
use of the variational wave functions obtained in [15]. These wave functions were computed using a semi-
relativistic model containing both the v2/c2 and one-loop QCD corrections to the potential and optimized
to provide an accurate description of the cc¯ and bb¯ quarkonium spectra. One of the parameters determined
in this process is the renormalization scale appropriate to the particular quarkonium system. We use the
resulting radial functions to construct the individual 1S0,
3P0 and
3P2 wave functions with the proper spin
dependence obtained from a decomposition of the instantaneous Salpeter equation. One objective of taking
this approach is to investigate how the inclusion of the full wave function information compares with the
practice of using the square of the radial wave function |Rn0(0)|2 for s-states or |R′n1(0)|2 for p-states. This
much can be accomplished by using the expression for the invariant amplitude, M, which can be derived
using the instantaneous Salpeter wave function, φ(~p) [9–12],
M = e2
∫
d3pTr
[
C−1ε/′∗SF (p− k)ε/∗φ(~p) + C−1ε/∗SF (p− k′)ε/′∗φ(~p)
]
. (1)
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2Here, C is the charge conjugation matrix, k and k′ are the photon momenta, ε and ε′ are the photon
polarization vectors, SF (p) is the quark propagator and pµ = (~p, i
√
~p 2 +m2) = (~p, iE), with m denoting
the quark mass. The wave function φ(~p) is the Fourier transform of the instantaneous position space wave
function ψ(~x) and its radial portion is obtained from the variational calculation in Ref.[15].
There are also QCD corrections to the two gamma widths. Because of color conservation, these corrections
are finite at the one-loop level. They could, in principle, be calculated by extending Eq. (1) as a perturbative
series in the QCD coupling αS , but the one-loop corrections are known [16–19] and will be included in the
final results.
In the next section, we construct the necessary wave functions, evaluate the trace and calculate the widths
Γγγ for the
1S0,
3P0 and
3P2 states of the cc¯ and bb¯ systems. We conclude with a numerical evaluation of
the two-photon widths and some comments on the two-gluon widths Γgg .
2. EVALUATION OF THE BOUND-STATE DECAYS
The wave functions for the solution of the instantaneous Salpeter equation can be decomposed into spin
singlet and spin triplet forms, which are [20]
1φ(~p) =
1
2
√
2
[
− i
E
~p·~γγ4 + m
E
γ4 + 1
]
γ5P (~p)C , (2)
for the singlet states and
3φ(~p) =
1
2
√
2
[
−i 1
E
~p·~V (~p) + ~γ ·
(
~V (~p)− ~p ~p·
~V (~p)
E(E +m)
)
+i~α·
(
m
E
~V (~p) +
~p ~p·~V (~p)
E(E +m)
)
+ i
1
E
~γγ5 ·
(
~p× ~V (~p)
)]
C , (3)
for the triplet states. These states have the conventional normalization∫
d 3pP ∗(~p)P (~p) = 1
∫
d 3p ~V ∗(~p)·~V (~p) = 1 , (4)
where
P (~p) = 1√
4π
φn0(p) for
1S0
~V (~p) = 1√
4π
pˆ φn1(p) for
3P0
Vi(~p) =
√
3
4πξ
(M)
ij pˆjφn1(p) for
3P2 .
(5)
The spin-two polarization vectors ξ
(M)
ij satisfy ξ
(M)
ij = ξ
(M)
ji and ξ
(M)
ii = 0.
The explicit form of the qq¯ → γγ amplitude in Eq. (1) is
A = e2e2q
[
ε/′∗[m− i(p/− k/)]ε/∗
−2p·k +
ε/∗[m− i(p/− k/′)]ε/′∗
−2p·k′
]
, (6)
where e is the proton charge and eq the fractional quark charge. With the aid of the wave functions in Eq. (5),
the traces in Eq. (1) can be evaluated rather straightforwardly for the spin 0∓ states. In the quarkonium rest
frame, including the factors 1/2ω from the photon normalization and 1/(2π)3/2 from the Fourier transform
of the position space wave function, the results are,
M(1S0) = e2e2q
1
8π2
m
ω
∫
d 3p
kˆ·(ε′∗ × ε∗)
[(~p·kˆ)2 − E2]
φn0(p) , (7)
3for the 1S0 state, and
M(3P0) = e2e2q
1
8π2
m
ω2
∫
d 3p
1
pE
[ω(~p·kˆ)2ε′∗ ·ε∗ + 2E~p·ε′∗~p·ε∗ ]
[(~p·kˆ)2 − E2]
φn1(p) , (8)
for the 3P0 state. The evaluation of M(3P2) is somewhat more tedious, yielding
M(3P2) = e2e2q
√
3
8π2
1
ω2
∫
d 3p
ξ
(M)
ij
p [(~p·kˆ)2 − E2]
[
−E(ε′∗i pjε∗ ·~p+ ε′∗ ·~p ε∗i pj)− ωε′∗ ·ε∗ ~p·kˆ kˆipj
+
[ω(~p·kˆ)2ε′∗ ·ε∗ + 2Eε′∗ ·~p ε∗ ·~p ] pipj
E(E +m)
]
φn1(p) , (9)
where we have dropped a term involving pipjpk that vanishes upon solid angle integration.
To complete the calculation of the amplitude, we need to evaluate the angular integrals∫
dΩ~p
1
[(~p·kˆ)2 − E2]
= A0 , (10)∫
dΩ~p
pi pj
[(~p·kˆ)2 − E2] = A1kˆikˆj +A2δij , (11)∫
dΩ~p
pi pj pk pℓ
[(~p·kˆ)2 − E2]
= B1kˆikˆj kˆkkˆℓ +B2(δij kˆkkˆℓ + δikkˆj kˆℓ + δiℓkˆj kˆk + δjk kˆikˆℓ + δjℓkˆikˆk + δkℓkˆikˆj)
+B3(δijδkℓ + δikδjℓ + δjkδiℓ) , (12)
noting that angular integrals of this type with an odd number of pi’s in the numerator vanish. The values of
the coefficients A0 through B3 are given in the Appendix. In terms of these coefficients, the 0
∓ amplitudes,
including a factor of
√
3 for color, are
M(1S0) =
e2e2q
√
3
8π2
kˆ ·(ε′∗ × ε∗)
ω
∫ ∞
0
dp p2mA0(p)φn0(p) ≡
√
3αe2q
kˆ ·(ε′∗ × ε∗)
ω
I0 , (13)
for the 0− state and
M(3P0) =
√
3e2e2q
8π2
ε′∗ ·ε∗
ω2
∫ ∞
0
dp
mp
E
[ωA1 + (ω + 2E)A2]φn1(p) ≡
√
3αe2q
ε′∗ ·ε∗
ω2
J0 , (14)
for the 0+ state. As with the traces, the 3P2 integration over dΩ~p is more complicated since it involves four
pi’s in the numerator. The result is [25]
M(3P2) = e2e2q
3
8π2
ξ
(M)
ij
ω2
∫ ∞
0
dp p
[
E
(
−A2 + 2
E(E +m)
B3
)
(ε′∗i ε
∗
j + ε
′∗
j ε
∗
i )
+
(
−ω(A1 +A2) + ω(B1 + 5B2 + 2B3) + 2EB2
E(E +m)
)
ε′∗ ·ε∗ kˆikˆj
]
φn1(p)
≡ 3αe2q
ξ
(M)
ij
ω2
[
(ε′∗i ε
∗
j + ε
′∗
j ε
∗
i )I2 + ε
′∗ ·ε∗ kˆikˆj J2
]
. (15)
The calculation of the widths can be performed using the formula for the decay of a particle with spin J
into two photons,
Γγγ =
1
16π2
ω2
1
2J + 1
J∑
M=−J
∑
pol
∫
dΩkˆ|M|2. (16)
4We sum over the photon polarizations using the Coulomb gauge∑
pol
ε∗(kˆ)ε(kˆ) = δij − kˆikˆj , (17)
and over the spin-two projections using
2∑
M=−2
ξ
(M)∗
ij ξ
(M)
mn =
1
2
(δimδjn + δinδjm)− 1
3
δijδmn . (18)
The resulting two-gamma widths are
Γγγ(
1S0) =
3α2e4q
2π
|I0|2
(
1 +
αS
π
(
π2
3
− 20
3
))
, (19)
Γγγ(
3P0) =
3α2e4q
2πω2
|J0|2
(
1 +
αS
π
(
π2
3
− 28
3
))
, (20)
Γγγ(
3P2) =
3α2e4q
5πω2
(
6|I2|2 + |I2 − J2|2
)(
1− 16
3
αS
π
)
, (21)
where conservation of energy requires that the photon energy ω satisfies ω = Mqq¯/2. The last factors in
Eqs. (19)-(21) include the one-loop QCD correction. The two-loop QCD correction to the decay rate has
been examined in [21] and appears to be large. We have not attempted to include this correction in our
evaluation of the decay amplitudes.
3. RESULTS AND CONCLUSIONS
The integrals that remain in Eqs. (19)-(21) were evaluated using the perturbative wave functions from [15]
with the aid of Mathematica. In Table I, our results for the charmonium system are compared with those
of other relativistic two-body approaches, Ref. [9–12]. The corresponding comparsion for the upsilon system
TABLE I: A comparison of our charmonium results with those of Ref. [9–12] is shown. The data denoted by ∗ were
taken from Ref.[22] and those denoted by † were taken from Ref.[23]. The column labeled ΓNR+QCD is the value of
the width calculated using our values of |Rn0(0)|
2 or |R′n1(0)|
2 along with the QCD correction.
Decay Our Ref. [9] Ref. [10] Ref. [11] Ref. [12] ΓNR+QCD ΓExp
ηc → γγ 5.09 keV 5.5 keV 3.5 keV 5.5 keV 7.14 keV 13.1 keV 7.2 ±0.9 keV
∗
χc0 → γγ 2.02 keV 1.39 keV 2.9 keV 5.35 keV 2.53 ± 0.45 keV
†
χc2 → γγ 0.46 keV 0.44 keV 0.50 keV 1.55 keV 0.60 ± .08 keV
†
η
′
c → γγ 2.63 keV 2.1 keV 1.38 keV 1.8 keV 4.44 keV 10.5 keV < 7.0± 3.5 keV
∗
system is given in Table II.
For charmonium there is reasonable agreement between our results and the others of this type and they
compare favorably with experiment. The differences between these results can be traced to the form of the
static qq¯ potential used in the solution of the two-body equation of motion. As a group the results are smaller
than the non-relativistic widths including the one-loop QCD correction. The two-gamma decay rates for the
upsilon system have not been measured and the ηb ground state has only recently been observed [24]. The
widths obtained using the non-relativistic results modified by QCD corrections are larger than our calculated
widths or those found when using relativistic two-body formalisms. Note that, in this formalism, knowledge
of the 1S0 masses is not necessary for the calculation of their γγ widths since the only mass that occurs in
Eq. (19) is the quark mass, which we obtain from Ref.[15]. This fact could account for the close agreement
5TABLE II: A comparison of our upsilon results with those of Ref. [9–12] is shown. The column labeled ΓNR+QCD is
the value of the width calculated using |Rn0(0)|
2 or |R′n1(0)|
2 along with the QCD correction.
Decay Our Ref. [9] Ref. [10] Ref. [11] Ref. [12] ΓNR+QCD
ηb → γγ 0.30 keV 0.45 keV 0.22 keV 0.35 keV 0.38 kev 0.55 keV
χb0 → γγ 32.9 eV 24.0 eV 38.0 eV 58.4 eV
χb2 → γγ 7.19 eV 5.6 eV 8.0 eV 9.85 eV
η
′
b → γγ 0.14 keV 0.21 keV 0.11 keV 0.15 keV 0.19 keV 0.20 keV
χ
′
b0 → γγ 34.1 eV 26.0 eV 29.0 eV 68.3 eV
χ
′
b2 → γγ 7.59 eV 6.8 eV 6.0 eV 11.5 eV
η
′′
b → γγ 0.10 keV 0.084 keV 0.10 keV 0.22 keV
of our Γγγ(
1S0) results with those of Ref.[12], even though these authors use a very different potential to get
their radial wave functions.
Finally, we can convert our results from two-photon decays to two-gluon decays by replacing 3α2 e4q by
2α2S/3 in Eqs. (19) - (21). This decay process accounts for a substantial portion of hadronic decays for states
below cc¯ or bb¯ threshold. There are, however, significant radiative corrections as well as contributions from
three-gluon decays and, thus, the two gluon mode does not tell the whole story. Our results for these two-
gluon decays are given in Tables III and IV. From Table III, it can be seen that the two-gluon widths are
smaller than the hadronic widths of the charmonium states.
TABLE III:
Decay ΓTh ΓExp
ηc → gg 15.70 MeV 26.7 ± 3.0 MeV
χc0 → gg 4.68 MeV 10.2 ± 0.7 MeV
χc2 → gg 1.72 MeV 2.03 ± 0.12 MeV
η
′
c → gg 8.10 MeV 14± 7 MeV
TABLE IV:
Decay ΓTh
ηb → gg 11.49 MeV
χb0 → gg 0.96 MeV
χb2 → gg 0.33 MeV
η
′
b → gg 5.16 MeV
χ
′
b0 → gg 0.99 MeV
χ
′
b2 → gg 0.35 MeV
η
′′
b → gg 3.80 MeV
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6Appendix A: Angular Integral Coefficients
The coefficients A0 through B3 occurring in Eqs. (10) - (12) are presented below [26].
A0 =
2π
Ep
ln
(
E − p
E + p
)
, (A1)
A1 =
π
Ep
[
(3E2 − p2) ln
(
E − p
E + p
)
+ 6Ep
]
, (A2)
A2 = − π
Ep
[
m2 ln
(
E − p
E + p
)
+ 2Ep
]
, (A3)
B1 =
π
12Ep
[
(105E4 − 90E2p2 + 9p4) ln
(
E − p
E + p
)
+ (210E3p− 110Ep3)
]
, (A4)
B2 = − π
12Ep
[
(15E4 − 18E2p2 + 3p4) ln
(
E − p
E + p
)
+ (30E3p− 26Ep3)
]
, (A5)
B3 =
π
12Ep
[
3m4 ln
(
E − p
E + p
)
+ (6E3p− 10Ep3)
]
. (A6)
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